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Fractional Helly

Helly's theorem (1923):

F: finite family of convex sets in RY
any (d + 1)-tuple of sets can be hit with a point
= the whole family can be hit with a point.

Attila Jung k-dimensional transversals for fat convex sets



Fractional Helly

Helly's theorem (1923):

F: finite family of convex sets in RY
any (d + 1)-tuple of sets can be hit with a point
= the whole family can be hit with a point.

Fractional Helly theorem (Katchalski, Liu '79):

positive fraction of (d 4 1)-tuples of sets can be hit with a point
= a positive fraction of the whole family family can be hit with
a point.
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Fractional Helly

Fractional Helly theorem (Katchalski, Liu '79):

positive fraction of (d + 1)-tuples of sets can be hit with a point
= a positive fraction of the whole family family can be hit with
a point.

FH more precisely

Vd € N,a € (0,1]38 € (0,1] such that

if F is an n-element family of convex sets in RY

and «(,";) of the (d + 1)-tuples can be hit with a point
then there exists Sn sets which can be hit with a point.
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Vincensini's question

Is it possible to generalize Helly's theorem to k-dimensional affine
subspaces (k-flats) hitting convex sets?
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Vincensini's question

Is it possible to generalize Helly's theorem to k-dimensional affine
subspaces (k-flats) hitting convex sets?

Santalé '40:

Impossible even for lines hitting unit disks.
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Vincensini's question

Is it possible to generalize Helly's theorem to k-dimensional affine
subspaces (k-flats) hitting convex sets?

Santalé '40:

Impossible even for lines hitting unit disks.
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Fractional Helly for k-flats

@ Alon and Kalai '95: FH for hyperplanes hitting convex sets.
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Fractional Helly for k-flats

@ Alon and Kalai '95: FH for hyperplanes hitting convex sets.

@ Alon, Kalai, Matousek, Meshulam '02: No FH for lines hitting
convex sets in R3.
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Fractional Helly for k-flats

@ Alon and Kalai '95: FH for hyperplanes hitting convex sets.

@ Alon, Kalai, Matousek, Meshulam '02: No FH for lines hitting
convex sets in R3.

J, Palvolgyi '24+:

If 0 < k < d, and F finite family of p-fat convex sets in RY,
if a positive fraction of the (k + 2)-tuples can be hit with a k-flat,
then there exists a k-flat hitting a positive fraction of the family.

o p-fat: ratio of radii of min enclosing and max inscribed balls is
at most p.
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A spherical version

J, Pélvolgyi '24+

If 0 < k < d, and F finite family of p-fat convex sets in S7,

if a positive fraction of the (k + 2)-tuples can be hit with a great
k-sphere,

then there exists a great k-sphere hitting a positive fraction of the
family.

.
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A spherical version

J, Pélvolgyi '24+

If 0 < k < d, and F finite family of p-fat convex sets in S7,

if a positive fraction of the (k + 2)-tuples can be hit with a great
k-sphere,

then there exists a great k-sphere hitting a positive fraction of the
family.

A

o If SY C RI*L and L C R is a linear (k + 1)-flat, then
LNS9 is a great k-sphere.
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The kK = 0 case

N 17
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The kK = 0 case
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Induction step
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Attila Jung k-dimensional transversals for fat convex sets



Induction step

Attila Jung k-dimensional transversals for fat convex sets



Induction step

Attila Jung k-dimensional transversals for fat convex sets



Induction step

Attila Jung k-dimensional transversals for fat convex sets



(p, k + 2)-theorems

Let p > g > k+2, and F a finite family of p-fat convex sets in RY.
If among any p sets, some g can be hit with a k-flat,
then there is a family of ¢(p, g, k) < oo k-flats hitting all of F.

We can only prove it for balls instead of p-fat convex sets.
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(p, k + 2)-theorems

Let p > g > k+2, and F a finite family of p-fat convex sets in RY.
If among any p sets, some g can be hit with a k-flat,
then there is a family of ¢(p, g, k) < oo k-flats hitting all of F.

We can only prove it for balls instead of p-fat convex sets.

Thank you!
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